Abstract: Aims of this paper are to improve ADI differential quadrature method (ADI-DQM) based on Bernstein polynomials and add a new application to the differential quadrature method. By using the new methodology, the numerical solutions of the governing equations of unsteady two-dimensional flow of a polytropic gas are investigated. The numerical results reveal that the new technique is very effective and gives high accuracy, good convergence and reasonable stability.
Introduction
 Nonlinear phenomena attracted the attention scientific community due to its widely applications in sciences and engineering such as solid state physics, plasma physics, fluid dynamics, mathematical biology, chemical kinetics, etc. These applications are description by modelling of differential equations. The studies conducted for solving the equation governing the unsteady flow of a polytropic gas use a broad class of analytical methods and different types of numerical methods were used to handle such problems [1] [2] [3] [4] [5] [6] [7] .
The differential quadrature method is a powerful mathematical technique and very useful to find a numerical solutions of the nonlinear equations and considered one of the most important of the numerical methods used recently, because it used less number of the grid points comparison with other numerical methods as well as the accuracy and efficiency. This method was suggested by Bellman and Casti in the Corresponding author: Abdul-Sattar Jaber Ali Al-Saif, Ph.D, assistant professor, research fields: applied mathematics (numerical analysis, partial differential equations, dynamics system, computational of fluid mechanics). E-mail: sattaralsaif@yahoo.com. early 1970s [8] . Differential quadrature method (DQM) depends on the idea of integral quadrature and approximate a spatial partial derivatives as a linear weighted sum of all functional values of the solution at all mesh points [9] . One of most important keys to DQM lies in the determination of weighting coefficients for the discretization of a spatial derivatives of any order, where it plays the important role in the accuracy of numerical solutions. Bellman et al. [10] (1972) suggested two methods to determine the weighting coefficients of the first order derivative. The first method solves an algebraic equation system. The second use a simple algebraic formulation, but with the coordinates of grid points chosen as the roots of the Legendre polynomial. Quan and Chang [11] (1989) and Shu and Richards [12] (1992), derived a recursive formula to obtain these coefficients directly and irrespective of the number and positions of the sampling points. In their approach, they used the Lagrange polynomials as the trial functions and found a simple recurrence formula for the weighting coefficients. Bert et al. [13] (1993) and Striz et al. [14] (1995) developed the differential quadrature method, which uses harmonic functions instead of polynomial as test function in the quadrature method to handle periodic problems efficiently, and also circumvented the limitation for the number of grid point in the conventional DQM based on polynomial test function. Their study shows that the proper test functions are essential for the computational efficiency and reliability of the DQM Krowiak [15] (2008) studied the methods that based on the differential quadrature in vibration analysis of plates, and using the spline functions as the trial functions to compute weighting coefficients. Shu and Wu [16] in (2007), presented integrated radial basis functions based differential quadrature method and its performance for solving one-dimensional Burger equation and simulate natural convection in a concentric annulus by solving Navier-Stokes equations by using radial basis functions as the trial functions to compute weighting coefficients. Korkmaz and Dağ [17] in (2009) applied the differential quadrature method based on Chebyshev polynomials for space discretiztion and classical Runge-Kutta method of the 4th-order for time discretization to obtain numerical solution of Schrödinger equation for various initial conditions. Korkmaz et al. [18] (2011) used the quartic B-spline differential quadrature method, and applied it on the one-dimensional Burger's equation by using the quartic B-spline functions as the trial functions to compute weighting coefficients. Al-Saif and Al-Kanani [19, 20] (2012-2013) proposed a new improvement for DQM that is resulting from applied ADI into DQM for convection-diffusion problems, and the results of ADI-DQM with Lagrange polynomial and Fourier series expansion as the test functions to computing the weighted coefficients show the efficiency of the proposed method to handle the problems under consideration.
We notice, attention all the above authors' to develop the DQM by using different test functions (Legendre polynomial, Chebyshev polynomials, Lagrange polynomials, harmonic functions instead of polynomials, Fourier series expansion, spline function, quartic B-spline functions and radial basis functions) in computing weighted coefficients of DQM because it plays an important role in an accurate numerical solutions that motivate us to research about polynomial has good properties and suitable with application of DQM. Bernstein polynomials are incredibly useful mathematical tools as they are simply defined. They can be calculated quickly on computer systems and represent a tremendous variety of functions. They can be differentiated and integrated easily, and can be pieced together to form spline curves that can approximate any function to any accuracy desired. One of important properties to Bernstein polynomials is surely convergence, and used many researchers to solve differential equations [9, 21, 22] .
In this paper, we wanted extending the application of our new suggestion [9] , and improved ADI-DQM by using Bernstein polynomials for solving the equation governing the unsteady flow of a polytropic gas. Results show that the convergence of the new scheme is faster and the solutions have high accuracy, good convergence and reasonable stability.
Bernstein Differential Quadrature Method
The differential quadrature is a numerical technique used to solve the initial and boundary value problems. This method was proposed by Bellman and Casti [8] in 1971. The DQM is based on the idea that the partial derivative of a field variable at the discrete points in the computational domain is approximated by a weighted linear sum of the values of the field variable along the line that passes though that point, which is parallel with coordinate direction of the derivative as following [19, 20] : and , and and are the number of the grid points. There are two key points in the successful application of the DQM: how the weighting coefficients are determined and how the grid points are selected [23] . Many researchers have obtained weighting coefficients implicitly or explicitly using various test functions [6, 9, 10, [12] [13] [14] [15] [16] [17] [18] [19] [20] .
Here, we use the exact same manner in {Quan and Chang [11] The weighted coefficients of the second order derivative by using Bernstein polynomial as a test functions can be obtained:
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The same technique can be used to obtain the weighting coefficients .
Alternating Direction Implicit Technique-BDQM
To illustrate the application of the technique of ADI to the formulae of DQM, we consider the following partial differential equation in two dimensions as:
where, ℓ and ℓ are the differential operators with respect to and , respectively. 
The alternating direction implicit technique was

Application of BDQM and ADI-BDQM and Discussion
Consider the governing equations of unsteady two dimensional flow of a polytropic gas are given by Feng [2] , Sharma et al. [6] , Mohamed [5] and Matinfar et al. [4] : where, is the density, is the pressure, and are the velocity components in the and direction, respectively and the adiabatic index is the ratio of the specific heats.
The initial conditions of Eqs. (11)- (14) have the following forms:
The exact solutions of the equations are , ,
where, c is constant. The boundary conditions can be achieved easily from Eq. (16) by using , 0, 1.
Eq. (11) can be approximated by using BDQM, form
Eqs. (1a), (1b) and (6) as following:
Eq. (11) can be approximated by using ADI-BDQM, form Eqs. (1a), (1b), (6) , (9) where, the and are the weighting coefficients of the first order derivatives with respect to and , respectively. In the same technique, we can find numerical solutions for and by using BDQM and ADI-BDQM.
In this problem, we take L = 1, c = 4,  = -2, and use equally spaced grid points. Tables 1-3 
Errors Analysis
The error for the derivative approximation an be written as:
Bellman et al. (1972) are using the error resulting from approximation functions and its derivatives. The truncation error of a new methodology BDQM for the 1st-and the 2nd order derivatives at the grid point is given as: 
Stability Analysis
For this case, using Eqs. (26) and (27), the solution can be obtained as:
Clearly, the stable solution of when ∞ requires:  0 for all i (31) where,  denotes the real part of  . This is the stability condition for Eq. (23) . Now, we can apply the stability Eq. (31) on the gas problem. From the application of BDQM and ADI-BDQM to the Eq. (1) and using 5, we have obtained good results in the measure of stability (Table 4) . That means the stability Eq. (31) is hold. When using the v-Eq. (12), we will find the same eigenvalues mentioned in Table 4 of the matrix [A] . In this work, we have used Maple program to compute the eigenvalues. In the multi-dimensional case, the dimension of the matrix is 2 2 by 
Comparison Numerical Solutions
We compare the numerical results of ADI-BDQM, ADI-LDQM, BDQM and LDQM for a polytropic gas problem, and the results are listed in Table 5 . The error measurements resulted from the ADI-BDQM is more accurate than the other methods.
Conclusions
In this work, we employed a new differential quadrature methodology (BDQM and ADI-BDQM) based on Bernstein polynomials for solving a polytropic gas equation successfully. The numerical results show that the new methods have higher accuracy, good convergence, reasonable stability and less computation workload.
